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ON COMPACT HOLOMORPHICALLY PSEUDOSYMMETRIC
KA¨HLERIAN MANIFOLDS
ZBIGNIEW OLSZAK
Abstract. For compact Ka¨hlerian manifolds, the holomorphic pseudosymmetry reduces to the local
symmetry if additionally the scalar curvature is constant and the structure function is non-negative.
Similarly, the holomorphic Ricci-pseudosymmetry reduces to the Ricci-symmetry under these addi-
tional assumptions. We construct examples of non-compact essentially holomorphically pseudosymmet-
ric Ka¨hlerian manifolds. These examples show that the compactness assumption cannot be omitted in
the above stated theorem.
Recently, the first examples of compact, simply connected essentially holomorphically pseudosymmetric
Ka¨hlerian manifolds are discovered in [4]. In these examples, the structure functions change their signs
on the manifold.
AMS Mathematics Subject Classification (2000) 53C55, 53C25
1. Holomorphic pseudosymmetries
Let M be a 2n-dimensional Ka¨hlerian manifold with (J, g) as its Ka¨hlerian structure. Thus, J is
a (1, 1)-tensor field (an almost complex structure) and g a Riemannian metric on M such that J2 = −I,
g(J ·, J ··) = g(·, ··) and ∇J = 0, ∇ being the Levi-Civita connection of g. Let X(M) be the Lie algebra
of smooth vector fields on M . For U, V ∈ X(M), let R(U, V ) = [∇U ,∇V ]−∇[U,V ] = ∇
2
UV −∇
2
V U be the
usual curvature operator, and consider additional curvature type operator RH(U, V ) defined by assuming
that
(1) RH(U, V )X = g(V,X)U − g(U,X)V + g(JV,X)JU − g(JU,X)JV − 2g(JU, V )JX
for any X ∈ X (M). The operators R(U, V ) and RH(U, V ) will be treated as derivations of the tensor
algebra on M in the usual sense. For instance, if T is an (0, k)-tensor field, then R(U, V )T , RH(U, V )T
are the (0, k)-tensor fields such that
(R(U, V )T )(X1, . . . , Xk) = −
∑
s
T (X1, . . . , Xs−1,R(U, V )Xs, Xs+1, . . . , Xk),
(RH(U, V )T )(X1, . . . , Xk) = −
∑
s
T (X1, . . . , Xs−1,R
H(U, V )Xs, Xs+1, . . . , Xk).
For an (0, k)-tensor field T , define (0, k + 2)-tensor fields R · T , RH · T by
(R · T )(U, V,X1, . . . , Xk) = (R(U, V ) · T )(X1, . . . , Xk)
(RH · T )(U, V,X1, . . . , Xk) = (R
H(U, V ) · T )(X1, . . . , Xk).
Let us call an (0, k)-tensor field T on M to be
• semisymmetric if R · T = 0;
• holomorphically pseudosymmetric if there exists a function f (called the structure function) on
M such that R · T = fRH · T .
A Ka¨hlerian manifold will be called
• semisymmetric (resp., Ricci-semisymmetric) if its Riemann (resp., Ricci) curvature tensor is
semisymmetric;
• holomorphically pseudosymmetric (resp., Ricci-pseudosymmetric) if its Riemann (resp., Ricci)
curvature tensor is holomorphically pseudosymmetric.
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The class of holomorphically pseudosymmetric Ka¨hlerian manifolds contains all semisymmetric
Ka¨hlerian manifolds, especially, those being locally symmetric. For semisymmetric Ka¨hlerian manifolds,
see among others [1, 11, 12, 13].
The class of holomorphically Ricci-pseudosymmetric Ka¨hlerian manifolds contains all Ricci-semi-
symmetric, especially, Ricci-symmetric (∇S = 0), as well as holomorphically pseudosymmetric Ka¨hlerian
manifolds. For Ricci-semisymmetric Ka¨hlerian manifolds, see [9].
The holomorphic pseudosymmetry conditions firstly appeared in [10], and after then they were
studied in the papers [2], [3], [4], [15].
It should be said that curvature conditions of this type have also occured under another name in
certain papers about projective holomorphic transformations; for some details, see [7, 8], etc.
2. Main results
Let us start with recalling certain famous examples. Namely, compact 2-dimensional surfaces,
products of compact 2-dimensional surfaces, products of compact 2-dimensional surfaces and complex
projective spaces are semisymmetric Ka¨hlerian manifolds with non-constant scalar curvature in general.
When assuming that they have constant scalar curvatures, they become locally symmetric.
Recently, the problem of the existence of compact essentially holomorphically pseudosymmetric
(that is, different from semisymmetric) Ka¨hlerian manifolds was solved in [4].
The aim of the presented paper is to prove that under certain additional assumptions, such mani-
folds do not exist. We also deal with holomorphic Ricci-pseudosymmetry too.
Theorem 1. Let M be a compact Ka¨hlerian manifold. Suppose that M is holomorphically Ricci-
pseudosymmetric with non-negative structure function f , that is,
(2) R · S = fRH · S, f > 0.
If the scalar curvature of M is constant, then M is Ricci-symmetric.
Theorem 2. Let M be a compact Ka¨hlerian manifold. Suppose that M is holomorphically pseudosym-
metric with non-negative structure function f , that is,
(3) R ·R = fRH · R, f > 0.
If the scalar curvature of M is constant, then M is locally symmetric.
In the last section, we construct examples of holomorphically pseudosymmetric Ka¨hlerian mani-
folds, which are not semisymmetric. For some of them, the scalar curvature is constant and the structure
function is positive. This shows that the compactness is an essential assumption in the above theorems.
3. Proofs of the theorems
At first, recall the very well known curvature identities fulfilled by any Ka¨hlerian manifold,
R(JU, JV ) = R(U, V ), R(JU, V ) +R(U, JV ) = 0,(4)
S(JU, JV ) = S(U, V ), S(JU, V ) + S(U, JV ) = 0,(5)
Trace{X →R(JX,U)V } = −S(JU, V ),(6)
Traceg{(X,Y )→ R(JX, Y, U, V )} = 2S(JU, V ),(7)
where R(U, V,X, Y ) = g(R(U, V )X,Y ) and S is the Ricci curvature tensor, S(U, V ) = Trace{X →
R(X,U)V }. Moreover, the Ricci 2-form ρ, ρ(X,Y ) = S(X, JY ), is closed, and consequently,
(8) (∇XS)(Y, JZ) + (∇Y S)(Z, JX) + (∇ZS)(X, JY ) = 0.
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3.1. Proof of Theorem 1. In our calculations, it will be useful to use the local components tensor
convention and the Einstein summation agreement. At first, for the Laplacian of the square of the length
of the Ricci tensor S, we have
(9) △
(
‖S‖2
)
= ∇i∇i(SjkS
jk) = 2(∇i∇iSjk)S
jk + 2(∇iSjk)(∇
iSjk).
In the sequel, we need the following formula
(10) − (∇XS)(Y, Z) + (∇Y S)(Z,X) + (∇JZS)(X, JY ) = 0,
which can be obtained from (8) by replacing Z with JZ and next using (5). In local coordinates, (10)
reads
−∇iSjk +∇jSki +∇bSiaJ
b
kJ
a
j = 0.
The covariant differentiation of the above equality gives
−∇h∇iSjk +∇h∇jSki +∇h∇bSiaJ
b
kJ
a
j = 0.
Transvecting the last relation with Sjk = gjagkbSab and using formula S
kjJbkJ
a
j = S
ab (which is a
consequence of (5)), we find (∇h∇iSjk)S
jk = 2(∇h∇jSki)S
jk and next
(11) (∇i∇iSjk)S
jk = 2ghi(∇h∇jSki)S
jk.
We are going to transform (11) by applying the holomorphic Ricci-pseudosymmetry (2). Using (1) and
(5), we find for RH · S,
(RH · S)(U, V,X, Y ) = − S(RH(U, V )X,Y )− S(X,RH(U, V )Y )
= − g(V,X)S(U, Y ) + g(U,X)S(V, Y )− g(V, Y )S(X,U)
+ g(U, Y )S(X,V )− g(JV,X)S(JU, Y ) + g(JU,X)S(JV, Y )
− g(JV, Y )S(X, JU) + g(JU, Y )S(X, JV ).(12)
Moreover, we have for R · S,
(13)
(R · S)(U, V,X, Y ) = (R(U, V )S)(X,Y ) =
(
(∇2UV −∇
2
V U )S
)
(X,Y ) = (∇2UV S)(X,Y )− (∇
2
V US)(X,Y ).
Now, using (12) and (13) and (2), we obtain
∇h∇jSki −∇j∇hSki = f
(
− gjkShi + ghkSji − gjiSkh + ghiSkj
− JjkJ
a
hSai + JhkJ
a
j Sai − JjiSkaJ
a
h + JhiSkaJ
a
j
)
,(14)
where Jij = J
a
i gaj(= −Jji). Note that by (5), we have
(15) SabJ
a
i J
b
j = Sij , SiaJ
a
j + SjaJ
a
i = 0.
From (14), by tranvection with ghi and using (15), it follows that
(16) ghi(∇h∇jSki)− g
hi(∇j∇hSki) = f(2nSjk − rgjk),
where r is the scalar curvature. Since r is constant, it holds ghi∇hSki = (1/2)∇kr = 0, and therefore
ghi(∇j∇hSki) = 0. Thus, (16) leads to
ghi(∇h∇jSki) = f(2nSjk − rgjk),
which applied to the right hand side of (11) yields
(∇i∇iSjk)S
jk = 2f(2nSjk − rgjk)S
jk = 4nf
(
‖S‖2 − r2/(2n)
)
.
The last equality turns (9) into
(17) △
(
‖S‖2
)
= 8nf
(
‖S‖2 − r2/(2n)
)
+ 2‖∇S‖2.
Recall the famous Hopf Lemma, which states that for a function ϕ on a compact Riemannian
manifold, if △ϕ > 0, then △ϕ = 0 and the function is constant (cf. e.g. [5] or [14]).
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Returning to our proof, note that for any Riemannian manifold, it always holds ‖S‖2−r2/(2n) > 0.
Therefore and by the assumption f > 0, the right hand side of (17) is non-negative. Consequently,
△
(
‖S‖2
)
> 0, and by the Hopf Lemma, △
(
‖S‖2
)
= 0. This applied into (17) leads to
8nf
(
‖S‖2 − r2/(2n)
)
+ 2‖∇S‖2 = 0.
Hence, it follows that ‖∇S‖ = 0, and finally ∇S = 0, which is just the Ricci-symmetry. This completes
the proof.
3.2. Proof of Theorem 2. Let M be a holomorphically pseudosymmetric Ka¨hlerian manifold with
constant scalar curvature and f > 0. Since the formula (3) always implies the condition (2) with the
same structure function, M is holomorphically Ricci-pseudosymmetric. Consequently, by Theorem 1, M
is Ricci-symmetric, that is , ∇S = 0.
To prove that M is in fact locally symmetric, we will use the Lichnerowicz formula, which is valid
for any Riemannian manifold ([12, Lemma 4.7]; see also [6])
(18) ∇p∇p
(
RijklR
ijkl
)
= 2∇pRijkl∇
pRijkl + 4Rijkl(∇j∇kSil −∇j∇lSik)− 4R
ijklgpqFpijqkl ,
where
Fpqijkl = ∇p∇qRijkl −∇q∇pRijkl .
For R ·R, we have
(19) (R·R)(U, V,W,X, Y, Z) = (R(U, V )R)(W,X, Y, Z) = ((∇2UV R)(W,X, Y, Z)−(∇
2
V UR)(W,X, Y, Z).
On the other hand, using (1) and (4), we find for RH · R,
(RH · R)(U, V,W,X, Y, Z) = (RH(U, V )R)(W,X, Y, Z)
= −R(RH(U, V )W,X, Y, Z)−R(W,RH(U, V )X,Y, Z)
−R(W,X,RH(U, V )Y, Z)−R(W,X, Y,RH(U, V )Z).
= − g(V,W )R(U,X, Y, Z) + g(U,W )R(V,X, Y, Z)
− g(JV,W )R(JU,X, Y, Z) + g(JU,W )R(JV,X, Y, Z)
− g(V,X)R(W,U, Y, Z) + g(U,X)R(W,V, Y, Z)
− g(JV,X)R(W,JU, Y, Z) + g(JU,X)R(W,JV, Y, Z)
− g(V, Y )R(W,X,U, Z) + g(U, Y )R(W,X, V, Z)
− g(JV, Y )R(W,X, JU, Z) + g(JU, Y )R(W,X, JV, Z)
− g(V, Z)R(W,X,U, Z) + g(U,Z)R(W,X, V, Z)
− g(JV, Z)R(W,X, Y, JU) + g(JU,Z)R(W,X, Y, JV )(20)
Applying (19), (20) and (3), we obtain
Fpqijkl = ∇p∇qRijkl −∇q∇pRijkl
= f(− gqiRpjkl + gpiRqjkl − JqiJ
a
pRajkl + JpiJ
a
qRajkl
− gqjRipkl + gpjRiqkl − JqjJ
a
pRiakl + JpjJ
a
qRiakl
− gqkRijpl + gpkRijql − JqkJ
a
pRijal + JpkJ
a
qRijal
− gqlRijkp + gplRijkq − JqlJ
a
pRijka + JplJ
a
qRijka).
From the above, by transvection with gpj , we get
gpjFpqijkl = f
(
(2n− 1)Riqkl +Rikql +Rilkq + J
a
i J
b
qRabkl − J
a
kJ
b
qRiabl − J
a
l J
b
qRiakb
− gqkSil + gqlSik − JqkJ
abRailb + JqlJ
abRaikb + JqiJ
abRabkl
)
,(21)
where J ij = giaJja(= −J
ji). We need the following formulas
(22) Jai J
b
jRabkl = Rijkl, J
a
i Rajkl = J
a
j Raikl, J
abRajkb = J
a
j Sak, J
abRabkl = −2J
a
kSal,
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which are consequences of (4), (6) and (7). Moreover, using the first Binchi identity and (22), we can
find
(23) Rikql +Rilkq = Riqkl, −J
a
kJ
b
qRiabl − J
a
l J
b
qRiakb = Riqkl.
By applying (22), (23) and (15), we transform (21) into the following form
(24) gpjFpqijkl = f
(
2(n+ 1)Rkliq − Sligkq + Skiglq − J
a
l SaiJkq + J
a
kSaiJlq + 2J
a
kSalJiq
)
.
Recall that the holomorphic projective curvature (1, 3)-tensor P is defined by
P(U, V )W = R(U, V )W−
1
2(n+ 1)
(S(V,W )U−S(U,W )V+S(JV,W )JU−S(JU,W )JV−2S(JU, V )JW ).
The local coordinates of the (0, 4)-tensor P , P (W,X, Y, Z) = g(P(W,X)Y, Z), are the following
Phijk = Rhijk −
1
2(n+ 1)
(Sijghk − Shjgik + J
a
i SajJhk − J
b
hSbjJik − 2J
a
hSaiJjk).
In this context, (24) can be rewritten as
gpjFpqijkl = 2(n+ 1)fPkliq
By virtue of the last formula, we obtain
(25) RijklgpqFpijqkl = 2(n+ 1)fPkljiR
ijkl = −2(n+ 1)fPlkjiR
lkji.
By straightforward calculations in which (22) should be used, we get
‖P‖2 = PijklP
ijkl = PijklR
ijkl = ‖R‖2 −
4
n+ 1
‖S‖2 > 0.
Therefore, (25) can be rewritten as
(26) RijklgpqFpijqkl = −2(n+ 1)f‖P‖
2.
The already proved condition ∇S = 0 and the formula (26) enables us to rewrite the Lichnerowicz
formula (18) in the following form
(27) △
(
‖R‖2
)
= 2‖∇R‖2 + 8(n+ 1)f‖P‖2.
As in the previous proof, we use the Hopf Lemma. By the assumption f > 0, the right hand side of (27)
is non-negative. Consequently, △
(
‖R‖2
)
> 0, and by the Hopf Lemma, △
(
‖R‖2
)
= 0. This applied into
(27) leads to
2‖∇R‖2 + 8(n+ 1)f‖P‖2 = 0.
Hence, it follows that ‖∇R‖ = 0, and finally ∇R = 0, which completes the proof.
4. A class of examples
Below, we construct a class of examples of non-compact essentially holomorphically pseudosym-
metric Ka¨hlerian manifolds. For some of them, the scalar curvature is constant and the structure function
is positive.
Let (xα, yα, z, t) denote the Cartesian coordinates in R2m+2, m > 1. Latin indices take on values
from 1 to 2m+2, Greek indices will run from 1 to m, and α′ = α+m for any α ∈ {1, . . . ,m}. Assume that
M = N × (A,B) ⊂ R2m+2, where N is an open connected subset of R2m+1, (A,B) is an open interval
and B > A > 0. Suppose that h : (A,B) → R is a smooth function which non-zero at any t ∈ (A,B).
Let (ei) be the frame of vector fields on M defined by
eα =
1
t
∂
∂xα
, eα′ =
1
t
( ∂
∂yα
+ 2xα
∂
∂z
)
, e2m+1 =
1
t2h
∂
∂z
, e2m+2 = th
∂
∂t
,
and let (θi) be the dual frame of differential 1-forms,
θα = t dxα, θα
′
= t dyα, θ2m+1 = t2h
(
− 2
∑
λ
xλdyλ + dz
)
, θ2m+2 =
1
th
dt.
For the non-zero Lie brackets of ei, we have
[eα, eβ′ ] = 2hδαβ e2m+1, [eα, e2m+2] = heα, [eα′ , e2m+2] = heα′ , [e2m+1, e2m+2] = (2h+ th
′) e2m+1.
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Define an almost complex structure J on M by assuming
Jeα = eα′ , Jeα′ = −eα, Je2m+1 = e2m+2, Je2m+2 = −e2m+1.
For the Nijenhuis tensor NJ , it can be checked that
NJ(ei, ej) = [Jei, Jej]− J [ei, Jej ]− J [Jei, ej] + J
2[ei, ej ] = 0,
for any i, j. By the Newlander-Nirenberg theorem, J is a complex structure on M . Let g be the
Riemannian metric on M for which (ei) is an orthonormal frame, so that g =
∑
i θ
i ⊗ θi. It is obvious
that the pair (J, g) is a Hermitian structure on M . For the fundamental form Ω, Ω(X,Y ) = g(JX, Y ),
we have
Ω = 2
∑
λ
θλ ∧ θ
eλ + 2 θ2m+1 ∧ θ2m+2,
= 2t2
∑
λ
dxλ ∧ dyλ + 2t
(
− 2
∑
λ
xλdyλ ∧ dt+ dz ∧ dt
)
.
Hence dΩ = 0, i.e., Ω is closed. Thus, the pair (J, g) becomes a Ka¨hlerian structure on M . We are going
to show that it is holomorphically pseudosymmetric.
For the Levi-Civita connection corresponding to g, we have
∇eαeβ = ∇eα′ eβ′ = −hδαβ e2m+2,
∇eαeβ′ = −∇eα′ eβ = hδαβ e2m+1,
∇eαe2m+1 = ∇e2m+1eα = −∇eα′ e2m+2 = −heα′ ,
∇eαe2m+2 = ∇eα′ e2m+1 = ∇e2m+1eα′ = heα,
∇e2m+1e2m+1 = −(2h+ th
′)e2m+2,
∇e2m+1e2m+2 = (2h+ th
′)e2m+1.
Let Rhijk(= Rhij
k) be the components of the curvature tensor R with respect to the adapted
frame, R(eh, ei)ej =
∑
k Rhijkek. The non-zero components of R are related to the following
Rαβγδ = Rαβγ′δ′ = Rα′β′γ′δ′ = h
2(δαγδβδ − δαδδβγ),
Rαβ′γδ′ = h
2(δαγδβδ + δβγδαδ + 2δαβδγδ),
Rαβ′(2m+1)(2m+2) = 2h(h+ th
′)δαβ ,
Rα(2m+1)β(2m+1) = Rα(2m+1)β′(2m+2)
= Rα(2m+2)β(2m+2) = −Rα(2m+2)β′(2m+1)
= Rα′(2m+1)β′(2m+1) = Rα′(2m+2)β′(2m+2) = h(h+ th
′)δαβ ,
R(2m+1)(2m+2)(2m+1)(2m+2) = 4h
2 + 7thh′ + t2(h′ 2 + hh′′).
On the other hand, for the components of the tensor RH, we have
RHhijk
(
= RHhij
k
)
= ghkgij − ghjgik + JhkJij − JhjJik − 2JhiJjk,
where gij and Jij are the components of g and J with respect to (ei). Thus, gij = g(ei, ej) = δij and
Jei =
∑
s Jises with Jαβ′ = −Jα′β = δαβ, J(2m+1)(2m+2) = −J(2m+2)(2m+1) = 1, otherwise Jij = 0.
The structure (J, g) satisfies the holomorphic pseudosymmetry condition
R ·R = fRH · R with f = −h(h+ th′).
For, it is sufficient to verify that the relation holds Q·R = 0, where the curvature like tensor Q = R−fRH
is treated as the derivation of the tensor algebra. At first, we find the components of Q with respect to
(ei), which are as follows
Qαβγδ = Qαβγ′δ′ = Qα′β′γ′δ′ = −thh
′(δαγδβδ − δαδδβγ),
Qαβ′γδ′ = −thh
′(δαγδβδ + δβγδαδ + 2δαβδγδ),
Q(2m+1)(2m+2)(2m+1)(2m+2) = 3thh
′ + t2(h′ 2 + hh′′).
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Next, we check that the all components
(Q ·R)pghijk = −
∑
s
(QpqhsRsijk +QpqisRhsjk +QpqjsRhisk +QpqksRhijs)
vanish identically. We omit the long but standard computations.
In general, the holomorphic pseudosymmetry is essential in the sense that the structure is not
semisymmetric (R · R 6= 0). For instance, the component
(R · R)1(2m+1)122(2m+1) = th
2h′(h+ th′)
is non-zero for a suitably chosen function h.
For the components of the Ricci curvature tensor S, we have
Sαα = Sα′α′ = −2((m+ 2)h
2 + thh′),
S(2m+1)(2m+1) = S(2m+2)(2m+2) = −2(m+ 2)h
2 − (2m+ 7)thh′ − t2(h′ 2 + hh′′),
Sij = 0 otherwise, and for the scalar curvature r,
r = − 4(m+ 1)(m+ 2)h2 − 2(4m+ 7)thh′ − 2t2(h′ 2 + hh′′).
Hence the scalar curvature is non-constant in general.
However, in the above way, we can obtain non-compact holomorphically pseudosymmetric Ka¨hler
manifolds with constant scalar curvature r and f > 0. Indeed, if we suppose
h(t) =
1
t2+m
√
a+ bt2 + ct4+2m,
where a, b, c are certain constants such that a+ bt2+ ct4+2m > 0 on a certain interval (A,B), B > A > 0,
then we find
r = −4c(m+ 1)(m+ 2) = const.,
f(t) =
1
t4+2m
(
a(m+ 1) + bmt2 − ct4+2m
)
.
To be sure more concrete examples,
(i) if a = c = 0 and b = 1, then r = 0 and f(t) =
m
t2m+2
> 0;
(ii) if a = 1 and b = c = 0, then r = 0 and f(t) =
m+ 1
t2m+4
> 0;
(iii) if a > 0, b = 0, c = −a (here, (A,B) = (0, 1)), then r = 4a(m + 1)(m + 2) and f(t) =
a
(
1 +
m+ 1
t2m+4
)
> 0.
One can easily note that the structures are not semisymmetric, and in the cases (ii) and (iii), they are
Einstein.
Acknowledgments. The author would like to thank the referee for his valuable remarks which
improved the paper.
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